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NIJENHUIS OPERATORS ON n-LIE ALGEBRAS
JIEFENG LIU, YUNHE SHENG, YANQIU ZHOU, AND CHENGMING BAI
Abstract. In this paper, we study (n − 1)-order deformations of an n-Lie algebra and introduce
the notion of a Nijenhuis operator on an n-Lie algebra, which could give rise to trivial deforma-
tions. We prove that a polynomial of a Nijenhuis operator is still a Nijenhuis operator. Finally,
we give various constructions of Nijenhuis operators and some examples.
1. Introduction
The notion of a Filippov algebra, or an n-Lie algebra was introduced in [15]. It is the algebraic
structure corresponding to Nambu mechanics [16, 22, 25]. n-Lie algebras, or more generally, n-
Leibniz algebras, are widely studied [4, 6, 7, 9, 11, 12, 20, 24, 26]. In particular, 3-Lie algebras
were studied from several aspects recently [2, 3, 5, 14, 28] due to applications in the Bagger-
Lambert-Gustavsson theory of multiple M2-branes [1, 8, 18, 19, 23, 27]. See the review article
[10] for more details.
The aim of this paper is to study (n−1)-order deformations of an n-Lie algebra. In particular,
we pay special attention to a trivial deformation, which could give rise to an operator that
satisfies some conditions. We call such an operator a Nijenhuis operator on an n-Lie algebra.
It is believed that one can learn more about a mathematical object by studying its deformations
[17]. Furthermore, Nijenhuis operators on Lie algebras play an important role in the study
of integrability of nonlinear evolution equations [13]. Deformations of n-Lie algebras have
been studied from several aspects. See [10, 11, 14, 26, 28] for more details. In particular,
a notion of a Nijenhuis operator on a 3-Lie algebra was introduced in [28] in the study of
the 1-order deformations of a 3-Lie algebra. But there are some quite strong conditions in this
definition of a Nijenhuis operator. In the case of Lie algebras, one could obtain fruitful results by
considering one-parameter infinitesimal deformations, i.e. 1-order deformations. However, for
n-Lie algebras, we believe that one should consider (n−1)-order deformations to obtain similar
results. In [14], for 3-Lie algebras, the author has already considered 2-order deformations. But
Nijenhuis operators were not studied there. Our Nijenhuis operators are obtained by considering
an (n − 1)-order trivial deformation of an n-Lie algebra. On the other hand, our Nijenhuis
operators on 3-Lie algebras match up very well with some other existing interesting operators,
such as Rota-Baxter operators [5] and O-operators [2] on 3-Lie algebras.
The paper is organized as follows. In Section 2, we recall some facts on n-Lie algebras, their
representations and associated cohomologies. In Section 3, we consider (n − 1)-order deforma-
tions of an n-Lie algebra. We give the notion of a Nijenhuis operator on an n-Lie algebra, and
show that it could give rise to a trivial deformation (Theorem 3.7). We show that a polynomial
of a Nijenhuis operator is still a Nijenhuis operator (Theorem 3.12). Furthermore, our Nijenhuis
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operators match up with O-operators on n-Lie algebras (Proposition 3.15). In Section 4, accord-
ing to constructions of n-Lie algebras, we give various constructions of Nijenhuis operators. We
also give examples of Nijenhuis operators on some 4-dimensional 3-Lie algebras as a guide for
a further development.
2. Preliminaries
Definition 2.1. An n-Lie algebra g is a vector space together with an n-multilinear skew-
symmetric bracket [·, · · · , ·] : ∧ng −→ g such that for all xi, yi ∈ g, the following Filippov
identity is satisfied:
[x1, x2, · · · , xn−1, [y1, y2, · · · , yn]] =
n∑
i=1
[y1, y2, · · · , [x1, x2, · · · , xn−1, yi], · · · , yn].(1)
For x1, x2, · · · , xn−1 ∈ g, define ad : ∧n−1g −→ gl(g) by
adx1 ,x2,··· ,xn−1y = [x1, x2, · · · , xn−1, y], ∀y ∈ g.
Then Eq. (1) is equivalent to that adx1 ,x2 ,··· ,xn−1 is a derivation, i.e.
adX[y1, y2, · · · , yn] =
n∑
i=1
[y1, y2, · · · , adXyi, · · · , yn], ∀X = (x1, x2, · · · , xn−1) ∈ ∧n−1g.
Elements in ∧n−1g are called fundamental objects of the n-Lie algebra (g, [·, · · · , ·]). In the
sequel, we will denote adXy simply by X ◦ y.
Define a bilinear operation on the set of fundamental objects ◦ : (∧n−1g) ⊗ (∧n−1g) −→ ∧n−1g
by
X ◦ Y =
n−1∑
i=1
(y1, · · · , yi−1, X ◦ yi, yi+1, · · · , yn−1),(2)
for all X = (x1, x2, · · · , xn−1) and Y = (y1, y2, · · · , yn−1). In [9], the authors proved that (∧n−1g, ◦)
is a Leibniz algebra, i.e. the following equality holds:
X ◦ (Y ◦ Z) = (X ◦ Y) ◦ Z + Y ◦ (X ◦ Z), ∀X, Y, Z ∈ ∧n−1g.(3)
Moreover, the Filippov identity (1) is equivalent to
X ◦ (Y ◦ z) − Y ◦ (X ◦ z) = (X ◦ Y) ◦ z, ∀X, Y ∈ ∧n−1g, z ∈ g.(4)
Definition 2.2. Let V be a vector space. A representation of an n-Lie algebra g on V is a
multilinear map ρ : ∧n−1g −→ gl(V), such that for all X, Y ∈ ∧n−1g, xi, yi ∈ g, the following
equalities hold:
[ρ(X), ρ(Y)] = ρ(X ◦ Y),
ρ(x1, x2, · · · , xn−2, [y1, y2, · · · , yn]) =
n∑
i=1
(−1)n−iρ(y1, · · · , yˆi, · · · , yn)ρ(x1, · · · , xn−2, yi),
where yˆi means that yi is omitted.
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We denote a representation by (V; ρ).
Given a representation (V; ρ), there is a semidirect product n-Lie algebra structure on g ⊕ V
given by
[x1 + v1, · · · , xn + vn] = [x1, · · · , xn] +
n∑
i=1
(−1)n−iρ(x1, · · · , xˆi, · · · , xn)(vi), ∀xi ∈ g, vi ∈ V.
We denote this semidirect n-Lie algebra simply by g ⋉ρ V . In particular, when n = 2, i.e. for
a Lie algebra, we obtain the usual notion of a semidirect product Lie algebra.
A p-cochain on g with the coefficients in a representation (V; ρ) is a multilinear map αp :
∧n−1g⊗ (p−1). . . ⊗ ∧n−1 g ∧ g −→ V . Denote the space of p-cochains by Cp(g; V). The coboundary
operator δ : Cp(g; V) −→ Cp+1(g; V) is given by
(δαp)(X1, . . . , Xp, z)
=
∑
1≤i<k
(−1)iαp(X1, · · · , ˆXi, · · · , Xk−1, Xi ◦ Xk, Xk+1, · · · , Xp, z)
+
p∑
i=1
(−1)iαp(X1, · · · , ˆXi, · · · ,Xp, [Xi, z])
+
p∑
i=1
(−1)i+1ρ(Xi)αp(X1, · · · , ˆXi, · · · , Xp, z)
+
n−1∑
i=1
(−1)n+p−i+1ρ(x1p, x2p, · · · , xˆip, · · · , xn−1p , z)αp(X1, · · · , Xp−1, xip),
for all Xi = (x1i , x2i , · · · , xn−1i ) ∈ ∧n−1g and z ∈ g.
3. Nijenhuis operators on n-Lie algebras
In this section, first we study (n−1)-order deformations of an n-Lie algebra, and introduce the
notion of a Nijenhuis operator on an n-Lie algebra, which could generate a trivial deformation.
Then we show that a polynomial of a Nijenhuis operator is still a Nijenhuis operator. Finally,
we give the relation between O-operators and Nijenhuis operators.
3.1. (n−1)-order deformations of an n-Lie algebra. Let (g, [·, · · · , ·]) be an n-Lie algebra. Let
ωi : ⊗
ng −→ g, 1 ≤ i ≤ n − 1 be skew-symmetric multilinear maps. Consider a λ-parametrized
family of linear operations:
(5) [x1, x2, · · · , xn−1, xn]λ = [x1, x2, · · · , xn−1, xn] +
n−1∑
i=1
λiωi(x1, x2, · · · , xn−1, xn).
Here λ ∈ F, where F is the base field. If all [·, · · · , ·]λ are n-Lie algebra structures, we say
that ω1, · · · , ωn−1 generate an (n − 1)-order 1-parameter deformation of the n-Lie algebra
(g, [·, · · · , ·]).
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Proposition 3.1. With the above notations, ω1, · · · , ωn−1 generate an (n−1)-order 1-parameter
deformation of the n-Lie algebra (g, [·, · · · , ·]) if and only if the following conditions are satis-
fied:
δω1 = 0;(6)
δωl +
1
2
l−1∑
i=1
[ωi, ωl−i] = 0, 2 ≤ l ≤ n − 1;(7)
1
2
n−1∑
i=l−n+1
[ωi, ωl−i] = 0, n ≤ l ≤ 2n − 2.(8)
Here [ωi, ω j] is given by
[ωi, ω j](X, Y, z) = ωi(X, ω j(Y, z)) − ωi(Y, ω j(X, z)) + ω j(X, ωi(Y, z)) − ω j(Y, ωi(X, z))
−ωi(ω j(X, ·) ◦ Y, z) − ω j(ωi(X, ·) ◦ Y, z), ∀X, Y ∈ ∧n−1g, z ∈ g,(9)
where ω j(X, ·) ◦ Y ∈ ∧n−1g is given by
ω j(X, ·) ◦ Y =
n−1∑
k=1
y1 ∧ · · · ∧ ω j(X, yk) ∧ · · · ∧ yn−1, ∀ Y = (y1, · · · , yn−1).
Proof.All [·, · · · , ·]λ are n-Lie algebra structures if and only if
X ◦λ (Y ◦λ z) − (X ◦λ Y) ◦λ z − Y ◦λ (X ◦λ z) = 0, ∀X, Y ∈ ∧n−1g, z ∈ g.
First we have
Y ◦λ z = Y ◦ z +
n−1∑
i=1
λiωi(Y, z); X ◦λ Y = X ◦ Y +
n−1∑
i=1
λiωi(X, ·) ◦ Y.
Then by direct computations, we have
X ◦λ (Y ◦λ z) = X ◦ (Y ◦ z) +
n−1∑
i=1
λi
(
ωi(X, Y ◦ z) + X ◦ ωi(Y, z))
+
n−1∑
i, j=1
λi+ jωi(X, ω j(Y, z));
Y ◦λ (X ◦λ z) = Y ◦ (X ◦ z) +
n−1∑
i=1
λi
(
ωi(Y, X ◦ z) + Y ◦ ωi(X, z))
+
n−1∑
i, j=1
λi+ jωi(Y, ω j(X, z));
(X ◦λ Y) ◦λ z = (X ◦ Y) ◦ z +
n−1∑
i=1
λi
(
ωi(X ◦ Y, z) + (ωi(X, ·) ◦ Y) ◦ z)
+
n−1∑
i, j=1
λi+ jωi(ω j(X, ·) ◦ Y) ◦ z.
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Comparing the coefficients of λl, 1 ≤ l ≤ 2n − 2, we obtain conditions (6)-(8) respectively.
Remark 3.2. The bracket given by Eq. (9) is just the Nijenhuis-Richardson bracket associated
to an n-Lie algebra. See [24] for more details.
Definition 3.3. A deformation is said to be trivial if there exists a linear map N : g −→ g such
that for all λ, Tλ = id + λN satisfies
(10) Tλ[x1, x2, · · · , xn]λ = [Tλx1, Tλx2, · · · , Tλxn], ∀x1, · · · , xn ∈ g.
The left hand side of Eq. (10) equals to
[x1, x2, · · · , xn] + λ
(
ω1(x1, x2, · · · , xn) + N[x1, x2, · · · , xn])
+
n−2∑
j=1
λ j+1
(
ω j+1(x1, x2, · · · , xn) + Nω j(x1, x2, · · · , xn)) + λnNωn−1(x1, x2, · · · , xn).
The right hand side of Eq. (10) equals to
[x1, x2, · · · , xn] + λ
n∑
i=1
[x1, · · · ,Nxi, · · · , xn] + λ2
∑
i< j
[x1, · · · ,Nxi, · · · ,Nx j, · · · , xn]
+λ3
∑
i< j<k
[x1, · · · ,Nxi, · · · ,Nx j, · · · ,Nxk, · · · , xn] + · · · + λn[Nx1,Nx2, · · · ,Nxn].
Therefore, by Eq. (10), we have
ω1(x1, x2, · · · , xn) + N[x1, x2, · · · , xn] =
n∑
i=1
[x1, · · · ,Nxi, · · · , xn],(11)
Nωn−1(x1, x2, · · · , xn) = [Nx1,Nx2, · · · ,Nxn],(12)
and
(13) ωl(x1, x2, · · · , xn) + Nωl−1(x1, x2, · · · , xn) =
∑
i1<i2···<il
[· · · ,Nxi1 , · · · ,Nxik , · · · ,Nxil , · · · ],
for all 2 ≤ l ≤ n − 1.
Let (g, [·, · · · , ·]) be an n-Lie algebra, and N : g −→ g a linear map. Define an n-ary bracket
[·, · · · , ·]1N : ∧ng −→ g by
(14) [x1, x2, · · · , xn]1N =
n∑
i=1
[x1, · · · ,Nxi, · · · , xn] − N[x1, x2, · · · , xn].
Then we define n-ary brackets [·, · · · , ·] jN : ∧ng −→ g, (2 ≤ j ≤ n − 1) via induction by
(15) [x1, x2, · · · , xn] jN =
∑
i1<i2···<i j
[· · · ,Nxi1 , · · · ,Nxi j , · · · ] − N[x1, x2, · · · , xn] j−1N .
In particular, we have
(16) [x1, x2, · · · , xn]n−1N =
∑
i1<i2 ···<in−1
[· · · ,Nxi1 , · · · ,Nxin−1 , · · · ] − N[x1, x2, · · · , xn]n−2N .
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Definition 3.4. Let (g, [·, · · · , ·]) be an n-Lie algebra. A linear map N : g −→ g is called a
Nijenhuis operator if
(17) [Nx1,Nx2, · · · ,Nxn] = N([x1, x2, · · · , xn]n−1N ), ∀x1, · · · , xn ∈ g.
Note that when n = 2, i.e. for a Lie algebra, we obtain the usual notion of a Nijenhuis
operator on a Lie algebra. More precisely, a linear transformation N : g −→ g is a Nijenhuis
operator on the Lie algebra (g, [·, ·]) if the following equality holds:
[Nx,Ny] = N([Nx, y] + [x,Ny] − N[x, y]), ∀x, y ∈ g.
Remark 3.5. In [10, 11, 12], the authors considered deformations of the form [·, · · · , ·] +
λω(·, · · · , ·). In [14], for 3-Lie algebras, the author has considered deformations of the form of
Eq. (5). But Nijenhuis operators were not considered there. On the other hand, in [28], the au-
thor has introduced a notion of a Nijenhuis operator on a 3-Lie algebra in the study of 1-order
trivial deformations. In that definition, there is a quite strong condition [Nx1,Nx2,N3] = 0,
whereas the above definition for n = 3 is [Nx1,Nx2,N3] = N([x1, x2, x3]2N). So obviously, the
above definition is different with these studies.
By Eqs. (15) and (17), we have
Proposition 3.6. Let (g, [·, · · · , ·]) be an n-Lie algebra. Then N is a Nijenhuis operator on g if
and only if N satisfies the following equality
(18)
n∑
p=0
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N p[xσ(1), · · · , xσ(p),Nxσ(p+1), · · · ,Nxσ(n)] = 0, ∀xi ∈ g,
where the summation is taken over all (p, n − p)-unshuffles, i.e. σ(1) < · · · < σ(p), σ(p + 1) <
· · · < σ(n).
By Eqs. (11)-(13), it is straightforward to deduce that a trivial deformation gives rise to a
Nijenhuis operator. The following theorem shows that the converse is also true.
Theorem 3.7. Let N be a Nijenhuis operator on an n-Lie algebra (g, [·, · · · , ·]). Then a defor-
mation can be obtained by putting
(19) ωi(x1, x2, · · · , xn) = [x1, x2, · · · , xn]iN , 1 ≤ i ≤ n − 1.
Moreover, this deformation is trivial.
One way to prove this theorem directly is to verify that conditions in Proposition 3.1 are
satisfied. Instead we apply a different method to prove this theorem to avoid complicated and
lengthy computations. The following general fact is an important ingredient in the proof.
Lemma 3.8. Let (g, [·, · · · , ·]) be an n-Lie algebra and h a vector space with an n-ary bracket
[·, · · · , ·]′. If there exists an isomorphism between vector spaces, say f : h −→ g, such that
f [x1, x2, · · · , xn]′ = [ f (x1), f (x2), · · · , f (xn)], ∀ xi ∈ h,
then (h, [·, · · · , ·]′) is an n-Lie algebra.
NIJENHUIS OPERATORS ON n-LIE ALGEBRAS 7
Proof.It follows from straightforward computations.
The proof of Theorem 3.7: It is obvious that for a Nijenhuis operator N, the mapsω1, · · · , ωn−1
given by Eq. (19) satisfy Eq. (17). Therefore, for any λ, Tλ satisfies
Tλ[x1, x2, · · · , xn]λ = [T (x1), T (x2), · · · , T (xn)], ∀x1, · · · , xn ∈ g.
For λ sufficiently small, we see that Tλ is an isomorphism between vector spaces. By Lemma
3.8, we deduce that (g, [·, · · · , ·]λ) is an n-Lie algebra, for λ sufficiently small. Thus,ω1, · · · , ωn−1
given by Eq. (19) satisfy the conditions (6)-(8) in Proposition 3.1. Therefore, (g, [·, · · · , ·]λ) is an
n-Lie algebra for all λ, which means that ω1, · · · , ωn−1 given by Eq. (19) generate a deformation.
It is obvious that this deformation is trivial.
Corollary 3.9. Let N be a Nijenhuis operator on an n-Lie algebra (g, [·, · · · , ·]). Then (g, [·, · · · , ·]n−1N )
is an n-Lie algebra, and N is a homomorphism from (g, [·, · · · , ·]n−1N ) to (g, [·, · · · , ·]).
At the end of this subsection, as an example, we study Nijenhuis operators on 3-dimensional
complex 3-Lie algebras. Recall that a linear map N acting on a 3-Lie algebra (g, [·, ·, ·]) is a
Nijenhuis operator if
(20) [Nx,Ny,Nz] = N([x, y, z]2N),
where the 3-ary bracket [·, ·, ·]2N is defined by
(21) [x, y, z]2N = [Nx,Ny, z] + [x,Ny,Nz] + [Nx, y,Nz] − N[x, y, z]1N ,
where the 3-ary bracket [·, ·, ·]1N is defined by
(22) [x, y, z]1N = [Nx, y, z] + [x,Ny, z] + [x, y,Nz] − N[x, y, z].
It is obvious that any linear transformation on an abelian 3-Lie algebra is a Nijenhuis operator.
On the other hand, it is known that up to isomorphism, there is only one 3-dimensional non-
abelian complex 3-Lie algebra given by
(23) [e1, e2, e3] = e1,
where {e1, e2, e3} is a basis of g.
Theorem 3.10. Let (g, [·, ·, ·]) be the 3-dimensional complex 3-Lie algebra given above. Then
any linear transformation N on g is a Nijenhuis operator.
Proof.Assume Nei = N ji e j. Then we have
[e1, e2, e3]1N = N11 e1 + N22 e1 + N33 e1 − N j1e j,
N[e1, e2, e3]1N = N11 N j1e j + N22 N j1e j + N33 N j1e j − N j1Nkj ek.
Furthermore, we have
[e1, e2, e3]2N = (N22 N33 − N32 N23 )e1 + (N31 N23 − N33 N21 )e2 + (N21 N32 − N22 N31 )e3,
N[e1, e2, e3]2N =
(
N11 (N22 N33 − N32 N23 ) + N12 (N31 N23 − N33 N21 ) + N13 (N21 N32 − N22 N31 )
)
e1
+
(
N21 (N22 N33 − N32 N23 ) + N22 (N31 N23 − N33 N21 ) + N23 (N21 N32 − N22 N31 )
)
e2
+
(
N31 (N22 N33 − N32 N23 ) + N32 (N31 N23 − N33 N21 ) + N33 (N21 N32 − N22 N31 )
)
e3
=
(
N11 (N22 N33 − N32 N23 ) + N12 (N31 N23 − N33 N21 ) + N13 (N21 N32 − N22 N31 )
)
e1.
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However, we have
[Ne1,Ne2,Ne3]
=
(
N11 N22 N33 − N
1
1 N32 N
2
3 + N12 N31 N
2
3 − N12 N33 N
2
1 + N13 N21 N32 − N
1
3 N22 N31
)
e1.
Therefore, we have
[Ne1,Ne2,Ne3] = N[e1, e2, e3]2N .
The proof is finished.
3.2. Some properties of Nijenhuis operators.
Lemma 3.11. Let N : g −→ g be a Nijenhuis operator on an n-Lie algebra g. For all
x1, x2, · · · , xn ∈ g and arbitrary positive number α1, α2, · · · , αn ∈ Z there holds
n∑
p=0
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 ασ( j)
[xσ(1), xσ(2), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)] = 0,(24)
where the summation is taken over all (p, n − p)-unshuffles. If N is invertible, this formula is
valid for arbitrary α1, α2, · · · , αn ∈ Z.
Proof.The proof is lengthy and nontrivial. We put it in Appendix for self-contained.
Theorem 3.12. Let N : g −→ g be a Nijenhuis operator on an n-Lie algebra g. Then for any
polynomial P(z) = ∑ni=0 cizi, the operator P(N) is also a Nijenhuis operator. Furthermore, if N
is invertible, for any Q(z) = ∑ni=−m cizi, Q(N) is also a Nijenhuis operator.
Proof.For all x1, x2, · · · , xn ∈ g, by Eq. (24), we have
n∑
p=0
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)P(N)p[xσ(1), xσ(2), · · · , xσ(p), P(N)xσ(p+1), · · · , P(N)xσ(n)]
=
∑
αi ,1≤i≤n
∏
1≤i≤n
cαi
( n∑
p=0
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 ασ( j)
[xσ(1), xσ(2), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
)
= 0.
Therefore, P(N) is a Nijenhuis operator. The second statement can be proved similarly.
Remark 3.13. In some sense, the above property “characterize” a Nijenhuis operator, whereas
some known operators like derivations and Rota-Baxter operators do not have such a property.
In the sequel, we give the relation between O-operators and Nijenhuis operators.
Definition 3.14. Let (g, [·, · · · , ·]) be an n-Lie algebra and (V; ρ) a representation. A linear map
T : V → g is called an O-operator if for all v1, v2, . . . , vn ∈ V,
[Tv1, Tv2, · · · , Tvn] =
n∑
i=1
(−1)n−iT (ρ(Tv1, · · · , T̂ vi, · · · , Tvn)(vi)).(25)
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In particular, if we take the adjoint representation, then an O-operator is exactly a Rota-Baxter
operator of weight 0 given in [5].
In the case of Lie algebras, the notion of an O-operator was introduced by Kupershmidt in
[21] in the study of classical Yang-Baxter equation. It is straightforward to deduce that given a
representation ρ : g −→ gl(V), an O-operator T : V −→ g on a Lie algebra g could give rise to a
Nijenhuis operator
(
0 T
0 0
)
on the semidirect product Lie algebra g ⋉ρ V .
Similarly, we have
Proposition 3.15. Let (g, [·, · · · , ·]) be an n-Lie algebra and (V; ρ) a representation. A linear
operator T : V → g is an O-operator if and only if
T =
(
0 T
0 0
)
: g ⊕ V −→ g ⊕ V
is a Nijenhuis operator acting on the semidirect product n-Lie algebra g ⋉ρ V.
Proof.For all xi ∈ g, vi ∈ V, i = 1, 2, . . . , n, we have
[T (x1 + v1), · · · , T (xn + vn)] = [Tv1, · · · , Tvn].
On the other hand, since T 2 = 0, we have
T [x1 + v1, · · · , xn + vn]n−1T
= T
( ∑
i1<i2 ···<in−1
[· · · , T (xi1 + vi1), · · · , T (xin−1 + vin−1), · · · ]
)
−T
2[x1 + v1, · · · , xn + vn]n−2T
= T
([Tv1, Tv2, · · · , Tvn−1, xn] + c.p. + [Tv1, Tv2, · · · , Tvn−1, vn] + c.p.)
= T
( n∑
i=1
(−1)n−iρ(Tv1, · · · , T̂ vi, · · · , Tvn)(vi)),
which implies that T is a Nijenhuis operator if and only if Eq. (25) is satisfied.
Remark 3.16. In fact, when n = 2, it is exactly the formerly mentioned conclusion for Lie
algebras. Thus, from this point of view, our Nijenhuis operator on an n-Lie algebra is a natural
generalization of the one on a Lie algebra, whereas the other so-called Nijenhuis operators (for
example, the ones in [28]) do not have this property.
4. Constructions of Nijenhuis operators
4.1. Constructions of Nijenhuis operators on (n + 1)-Lie algebras from those on n-Lie
algebras. In [4], the authors constructed an (n + 1)-Lie algebra g f from an n-Lie algebras g
using a linear function f . In this subsection, we show that a Nijenhuis operator on g is also a
Nijenhuis operator on the (n + 1)-Lie algebra g f .
Lemma 4.1. [4] Let (g, [·, · · · , ·]) be an n-Lie algebra and g∗ the dual space of g. Suppose f ∈ g∗
satisfying f ([x1, · · · , xn]) = 0 for all xi ∈ g. Then there is an (n + 1)-Lie algebra structure on g
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given by
(26) {x1, · · · , xn+1} =
n+1∑
i=1
(−1)i−1 f (xi)[x1, · · · , xˆi, · · · , xn], ∀xi ∈ g.
We denote it by g f .
Theorem 4.2. Assume that N is a Nijenhuis operator on an n-Lie algebra (g, [·, · · · , ·]). Then
N is also a Nijenhuis operator on the (n + 1)-Lie algebra (g f , {·, · · · , ·}).
Proof.First, for 1 ≤ i ≤ n − 1, we have
{x1, x2, · · · , xn+1}
i
N =
n+1∑
j=1
(−1)i−1( f (Nx j)[x1, x2, · · · , ˆNx j, · · · , xn+1]i−1N
+ f (x j)[x1, x2, · · · , xˆ j, · · · , xn+1]iN
)
.(27)
This fact can be proved by induction on i. For i = 1, we have
{x1, x2, · · · , xn+1}
1
N
=
n+1∑
i=1
{x1, · · · ,Nxi, · · · , xn+1} − N{x1, x2, · · · , xn+1}
=
∑
i, j,i, j
(−1) j−1 f (x j)[x1, · · · , xˆ j, · · · ,Nxi, · · · , xn+1]
+
n+1∑
i=1
(−1)i−1 f (Nxi)[x1, x2, · · · , ˆNxi, · · · , xn+1]
−
n+1∑
i=1
(−1)i−1 f (xi)[x1, x2, · · · , xˆi, · · · , xn+1]
=
∑
i
(−1)i−1( f (Nxi)[x1, x2, · · · , ˆNxi, · · · , xn+1] + f (xi)[x1, x2, · · · , xˆi, · · · , xn+1]1N).
Now we assume that Eq. (27) holds for arbitrary i. Then for i + 1, we have
{x1, x2, · · · , xn+1}
i+1
N
=
∑
j1< j2 ···< ji+1
{· · · ,Nx j1 , · · · ,Nx jk , · · · ,Nx ji+1 , · · · } − N{x1, x2, · · · , xn}iN
=
∑
j1< j2 ···< ji+1
∑
k, j1 ,··· , ji+1
(−1)k−1 f (xk)[· · · ,Nx j1 , · · · , xˆk, · · · ,Nx jk , · · · ,Nx ji+1 , · · · ]
+
∑
j1< j2 ···< ji+1
∑
k= j1 ,··· , ji+1
(−1)k−1 f (Nxk)[· · · ,Nx j1 , · · · , ,Nxk, · · · ,Nx ji+1 , · · · ]
−
∑
k
(−1)k−1N( f (Nxk)[x1, x2, · · · , ˆNxk, · · · , xn+1]i−1N + f (xk)[x1, x2, · · · , xˆk, · · · , xn+1]iN)
=
n+1∑
j=1
(−1) j−1( f (Nx j)[x1, x2, · · · , ˆNx j, · · · , xn+1]iN + f (x j)[x1, x2, · · · , xˆ j, · · · , xn+1]i+1N ),
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which implies that Eq. (27) holds. In particular, we have
{x1, x2, · · · , xn+1}
n−1
N
=
n+1∑
j=1
(−1) j−1( f (Nx j)[x1, x2, · · · , ˆNx j, · · · , xn+1]n−2N + f (x j)[x1, x2, · · · , xˆ j, · · · , xn]n−1N ).
Since N is a Nijenhuis operator on the n-Lie algebra g, we have
{x1, x2, · · · , xn+1}
n
N
=
∑
j1< j2 ···< jn
{· · · ,Nx j1 , · · · ,Nx jk , · · · ,Nx jn , · · · } − N{x1, x2, · · · , xn+1}n−1N
=
∑
j1< j2 ···< jn
{· · · ,Nx j1 , · · · ,Nx jk , · · · ,Nx jn , · · · }
−N
n+1∑
i=1
(−1)i−1( f (Nxi)[x1, x2, · · · , ˆNxi, · · · , xn+1]n−2N + f (xi)[x1, x2, · · · , xˆi, · · · , xn]n−1N )
=
n+1∑
i=1
(−1)i−1 f (Nxi)[x1, x2, · · · , ˆNxi, · · · , xn+1]n−1N .
Furthermore, we can get
N{x1, x2, · · · , xn+1}nN =
n+1∑
i=1
(−1)i−1 f (Nxi)N[x1, x2, · · · , ˆNxi, · · · , xn+1]n−1N
=
n+1∑
i=1
(−1)i−1 f (Nxi)N[Nx1,Nx2, · · · , ˆNxi, · · · ,Nxn+1]nN
= {Nx1,Nx2, · · · ,Nxn+1},
which implies that N is a Nijenhuis operator on the (n + 1)-Lie algebra (g f , {·, · · · , ·}).
4.2. Constructions of Nijenhuis operators on 3-Lie algebras from Nijenhuis operators on
commutative associative algebras. In fact, there is a similar study on the Nijenhuis operators
on associative algebras. Explicitly, a linear map N acting on an associative algebra (g, ·) is called
a Nijenhuis operator if
(28) Nx · Ny = N(Nx · y + x · Ny − N(x · y)), ∀ x, y ∈ g.
Lemma 4.3. ([5]) Let (g, ·) be a commutative associative algebra. Let D ∈ Der(g) and f ∈ g∗
satisfy f (D(x) · y) = f (x · D(y)). Then (g, ~·, ·, ·) is a 3-Lie algebra, where the bracket is given
by
~x, y, z ,
∣∣∣∣∣∣∣∣
f (x) f (y) f (z)
D(x) D(y) D(z)
x y z
∣∣∣∣∣∣∣∣ , f (x)(D(y) · z − D(z) · y) + c.p..(29)
Proposition 4.4. With the same assumptions as Lemma 4.3. Let N be a Nijenhuis operator on
(g, ·) satisfying DN = ND. Then N is a Nijenhuis operator on the 3-Lie algebra (g, ~·, ·, ·),
where the bracket is given by Eq. (29).
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Proof.For all x, y ∈ g, define [x, y]D = D(x) · y − D(y) · x. By direct calculations, we can verify
that (g, [·, ·]D) is a Lie algebra. Furthermore, assume that N is a Nijenhuis operator on (g, ·)
satisfying DN = ND. Then we have
[Nx,Ny]D = DNx · Ny − Nx · DNy
= NDx · Ny − Nx · NDy
= N(Dx · Ny + NDx · y − N(Dx · y)) − N(Nx · Dy + x · NDy − N(x · Dy))
= N(DNx · y − Nx · Dy + Dx · Ny − x · DNy − N(Dx · y − x · Dy))
= N([Nx, y]D + [x,Ny]D − N[x, y]D),
which implies that N is a Nijenhuis operator on the Lie algebra (g, [·, ·]D). By Theorem 4.2, N
is a Nijenhuis operator on the 3-Lie algebra (g, ~·, ·, ·).
Let (g, ·) be a commutative associative algebra. For xi, yi, zi ∈ g, i = 1, 2, 3, denote by
∣∣∣~x ~y ~z∣∣∣ =
∣∣∣∣∣∣∣∣
x1 y1 z1
x2 y2 z2
x3 y3 z3
∣∣∣∣∣∣∣∣
= x1 · (y2 · z3 − y3 · z2) − x2 · (y1 · z3 − y3 · z1) + x3 · (y1 · z2 − y2 · z1),
where ~x, ~y and ~z denote the column vectors.
Lemma 4.5. Let N be a Nijenhuis operator on a commutative associative algebra (g, ·) and
N(~x),N(~y),N(~z) denote the images of the column vectors. Then we have∣∣∣N(~x) N(~y) N(~z)∣∣∣ = N (∣∣∣N(~x) N(~y) ~z∣∣∣ + c.p.) − N2 (∣∣∣N(~x) ~y ~z∣∣∣ + c.p.)
+N3
(∣∣∣~x ~y ~z∣∣∣) .
Proof.Since N is a Nijenhuis operator on (g, ·), we have∣∣∣N(~x) N(~y) N(~z)∣∣∣ = ∑
σ∈S 3
sgn(σ)N(xσ(1))N(yσ(2))N(zσ(3))
= N
( ∑
σ∈S 3
sgn(σ)N(xσ(1))N(yσ(2))zσ(3) + c.p.)
−N2
( ∑
σ∈S 3
sgn(σ)N(xσ(1))yσ(2)zσ(3) + c.p.)
+N3
( ∑
σ∈S 3
sgn(σ)xσ(1)yσ(2)zσ(3))
= N
(∣∣∣N(~x) N(~y) ~z∣∣∣ + c.p.) − N2 (∣∣∣N(~x) ~y ~z∣∣∣ + c.p.)
+N3
(∣∣∣~x ~y ~z∣∣∣) .
The proof is finished.
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Lemma 4.6. ([5]) Let (g, ·) be a commutative associative algebra, D1,D2 ∈ Der(g) satisfying
D1D2 = D2D1. Then (g, ~·, ·, ·) is a 3-Lie algebra, where the bracket is given by
~x, y, z ,
∣∣∣∣∣∣∣∣
x y z
D1(x) D1(y) D1(z)
D2(x) D2(y) D2(z)
∣∣∣∣∣∣∣∣ , ∀x, y, z ∈ g.(30)
Proposition 4.7. With the same assumptions as Lemma 4.6. Let N be a Nijenhuis operator on
(g, ·) satisfying ND1 = D1N, ND2 = D2N. Then N is a Nijenhuis operator on the 3-Lie algebra
(g, ~·, ·, ·), where the bracket is given by Eq. (30).
Proof.Since ND1 = D1N, ND2 = D2N, by Lemma 4.5, we have
~Nx,Ny,Nz =
∣∣∣∣∣∣∣∣
Nx Ny Nz
D1(Nx) D1(Ny) D1(Nz)
D2(Nx) D2(Ny) D2(Nz)
∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣
Nx Ny Nz
ND1(x) ND1(y) ND1(z)
ND2(x) ND2(y) ND2(z)
∣∣∣∣∣∣∣∣
= N

∣∣∣∣∣∣∣∣
Nx Ny z
ND1(x) ND1(y) D1(z)
ND2(x) ND2(y) D2(z)
∣∣∣∣∣∣∣∣ + c.p.

−N2

∣∣∣∣∣∣∣∣
Nx y z
ND1(x) D1(y) D1(z)
ND2(x) D2(y) D2(z)
∣∣∣∣∣∣∣∣ + c.p.
 + N3

∣∣∣∣∣∣∣∣
x y z
D1(x) D1(y) D1(z)
D2(x) D2(y) D2(z)
∣∣∣∣∣∣∣∣

= N

∣∣∣∣∣∣∣∣
Nx Ny z
D1(Nx) D1(Ny) D1(z)
D2(Nx) D2(Ny) D2(z)
∣∣∣∣∣∣∣∣ + c.p.

−N2

∣∣∣∣∣∣∣∣
Nx y z
D1(Nx) D1(y) D1(z)
D2(Nx) D2(y) D2(z)
∣∣∣∣∣∣∣∣ + c.p.
 + N3

∣∣∣∣∣∣∣∣
x y z
D1(x) D1(y) D1(z)
D2(x) D2(y) D2(z)
∣∣∣∣∣∣∣∣

= N(~Nx,Ny, z + c.p.) − N2(~Nx, y, z + c.p.) + N3(~x, y, z)
= N(~x, y, z2N).
Thus, N is a Nijenhuis operator on the 3-Lie algebra (g, ~·, ·, ·).
Lemma 4.8. ([5]) Let (g, ·) be a commutative associative algebra. Let Di ∈ Der(g) such that
DiD j = D jDi, i, j = 1, 2, 3. Then (g, ~·, ·, ·) is a 3-Lie algebra, where the bracket is given by
~x, y, z :=
∣∣∣∣∣∣∣∣
D1(x) D1(y) D1(z)
D2(x) D2(y) D2(z)
D3(x) D3(y) D3(z)
∣∣∣∣∣∣∣∣ , ∀x, y, z ∈ g.(31)
Proposition 4.9. With the same assumptions as Lemma 4.8. Let N be a Nijenhuis operator on
(g, ·) satisfying NDi = DiN, i, j = 1, 2, 3. Then N is a Nijenhuis operator on the 3-Lie algebra
(g, ~·, ·, ·), where the bracket is given by Eq. (31).
Proof.The proof is similar to the proof of Proposition 4.7. We omit details.
14 JIEFENG LIU, YUNHE SHENG, YANQIU ZHOU, AND CHENGMING BAI
4.3. Constructions of Nijenhuis operators on 3-Lie algebras from Rota-Baxter operators
and derivations and some explicit examples. Recall that a Rota-Baxter operator (of weight
0) on a 3-Lie algebra (g, [·, ·, ·]) is a linear map P : g −→ g such that
(32) [Px, Py, Pz] = P([Px, Py, z] + [Px, y, Pz] + [x, Py, Pz]), ∀x, y, z ∈ g,
and a derivation on a 3-Lie algebra (g, [·, ·, ·]) is a linear map D : g −→ g such that
(33) D[x, y, z] = [Dx, y, z] + [x,Dy, z] + [x, y,Dz], ∀x, y, z ∈ g.
We denote the sets of Rota-Baxter operators (of weight 0) and derivations of a 3-Lie algebra
g by RB(g) and Der(g) respectively. Note that Der(g) is a vector space, where RB(g) is not a
vector space (it is only a set!).
The following conclusion is straightforward but very important for constructing Nijenhuis
operators.
Lemma 4.10. Let (g, [·, ·, ·]) be a 3-Lie algebra. If a linear transformation N is a derivation,
then N is a Nijenhuis operator if and only if N is a Rota-Baxter operator (of weight 0) on g. In
particular, if a linear transformation N ∈ RB(g) ∩ Der(g), then N is a Nijenhuis operator.
Example 4.11. Let g be the 4-dimensional simple complex 3-Lie algebra given by
[e2, e3, e4] = e1, [e1, e2, e4] = e3, [e1, e3, e4] = e2, [e1, e2, e3] = e4,(34)
where {e1, e2, e3, e4} is a basis of g. Then by direct computations, we have
Der(g) =
{ 
0 a b c
a 0 d e
−b d 0 f
c −e f 0

∣∣∣∣a, b, c, d, e, f ∈ C}.
Let N ∈ Der(g). Then we have
[e2, e3, e4]1N = 0, [e1, e2, e4]1N = 0, [e1, e3, e4]1N = 0, [e1, e2, e3]1N = 0,
In our convention, Nei = N ji e j. Furthermore, we have
[e2, e3, e4]2N = (−d2 + e2 − f 2)e1 + (bd − ce)e2 + (ad + c f )e3 + (ae + b f )e4,
[e1, e2, e4]2N = (ad + c f )e1 − (ba + e f )e2 − (a2 + c2 − e2)e3 − (bc − de)e4,
[e1, e3, e4]2N = (ce − bd)e1 + (b2 − c2 − f 2)e2 + (ba + e f )e3 + (ca + d f )e4,
[e1, e2, e3]2N = −(ae + b f )e1 + (ac + d f )e2 + (bc − de)e3 + (b2 − a2 − d2)e4
It is straightforward to deduce that N[x, y, z]2N = [Nx,Ny,Nz] for all x, y, z ∈ g. Therefore, N is
a Rota-Baxter operator, i.e. Der(g) ⊂ RB(g). Thus, any N ∈ Der(g) is a Nijenhuis operator.
By Theorem 3.12, N2 is also a Nijenhuis operator. However, it is straightforward to deduce
that N2 is neither a derivation nor a Rota-Baxter operator any more.
Example 4.12. Let g be the 4-dimensional complex 3-Lie algebra given by
[e2, e3, e4] = e1, [e1, e2, e4] = e3, [e1, e3, e4] = e2,(35)
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where {e1, e2, e3, e4} is a basis of g. Then we have
Der(g) =
{ 
h a b 0
a h c 0
−b c h 0
d e f −h

∣∣∣∣a, b, c, d, e, f , h ∈ C}.
In general, a derivation D ∈ Der(g) might not be a Rota-Baxter operator (of weight 0) of g
any more. On the other hand, denote by T1(g) ⊂ Der(g) and T2(g) ⊂ Der(g) respectively two
subspaces of Der(g) given by
T1(g) =
{ 
0 a b 0
a 0 c 0
−b c 0 0
d e f 0

∣∣∣∣a, b, c, d, e, f ∈ C},
and
T2(g) =
{ 
a 0 0 0
0 a 0 0
0 0 a 0
b c d −a

∣∣∣∣a, b, c, d ∈ C}.
Then Der(g) = T1(g) + T2(g). Furthermore, we can deduce that a derivation D ∈ Der(g) is a
Rota-Baxter operator (of weight 0) of g if and only if D ∈ T1(g), or D ∈ T2(g). Thus, a derivation
D ∈ Der(g) is a Nijenhuis operator if and only if D ∈ T1(g), or D ∈ T2(g).
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Appendix
The proof of Lemma 3.11: Fix α1 = 1, α2 = 1, · · · , αn−1 = 1 and prove Eq. (24) for arbitrary
αn > 0. For αn = 1, the formula is just Eq. (18). Now assume that Eq. (24) holds for αn = βn.
By Eq. (18), for αn = βn + 1, we get
[Nx1,Nx2, · · · ,Nxn−1,Nβn+1xn] +
n∑
p=1
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 ασ( j)
[xσ(1), xσ(2), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
=
n∑
p=1
∑
σ
(
− (−1) p(p−1)2 +
∑p
j=1 σ( j)N p[xσ(1), xσ(2), · · · , xσ(p),Nxσ(p+1), · · · ,Nxσ(n)]
+(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 ασ( j)
[xσ(1), xσ(2), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
)
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=
n∑
p=1
(
−
∑
σ
(−1) p(p−1)2 +
∑p−1
j=1 σ( j)+nN p[xσ(1), xσ(2), · · · ,Nβn xn,Nxσ(p+1), · · · ,Nxσ(n)]
−
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N p[xσ(1), xσ(2), · · · , xσ(p),Nxσ(p+1), · · · ,Nβn+1xn]
+
∑
σ
(−1) p(p−1)2 +
∑p−1
j=1 σ( j)+nN
∑p−1
j=1 ασ( j)+βn+1
[xσ(1), xσ(2), · · · , xn,Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
+
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N p[xσ(1), xσ(2), · · · , xσ(p),Nxσ(p+1), · · · ,Nβn+1xn]
)
= −
n∑
p=1
∑
σ
(−1) p(p−1)2 +
∑p−1
j=1 σ( j)+nN p[xσ(1), xσ(2), · · · ,Nβn xn,Nxσ(p+1), · · · ,Nxσ(n)]
+
n∑
p=1
∑
σ
(−1) p(p−1)2 +
∑p−1
j=1 σ( j)+nN
∑p−1
j=1 ασ( j)+βn+1
[xσ(1), xσ(2), · · · , xn,Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
=
n∑
p=1
∑
σ
(−1) (p−1)(p−2)2 +
∑p−1
j=1 σ( j)N p
[xσ(1), xσ(2), · · · , xσ(p−1),Nxσ(p+1), · · · ,Nxσ(n),Nβn xn]
+
n∑
p=1
∑
σ
(−1) p(p−1)2 +
∑p−1
j=1 σ( j)+nN
∑p−1
j=1 ασ( j)+βn+1
[xσ(1), xσ(2), · · · , xn,Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
= N
(
[Nx1,Nx2, · · · ,Nxn−1,Nβn xn] +
n∑
p=1
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 ασ( j)
[xσ(1), xσ(2), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
)
,
which implies that Eq. (18) holds for α1 = 1, α2 = 1, · · · , αn−1 = 1 and arbitrary positive integer
αn.
Now we assume that Eq. (24) holds for α1 = 1, α2 = 1, · · · , αr−1 = 1, αr = 1 and arbitrary
positive integer αr+1, · · · , αn−1, αn. Then we need to show that Eq. (24) holds for α1 = 1, α2 =
1, · · · , αr−1 = 1 and arbitrary positive integer αr, αr+1, · · · , αn−1, αn. Let αr = βr + 1, applying
Eq. (24) to the element Nβr xr instead of the element xr and let y1 = x1, · · · , yr = Nβr xr, · · · , yn =
xn. By Eq. (18), we have
n∑
p=1
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 ασ( j)
[xσ(1), xσ(2), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
+[Ny1,Ny2, · · · ,Nyr,Nαr+1yr+1, · · · ,Nαn−1yn−1,Nαnyn]
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=
n∑
p=1
( ∑
σ,σ(p+s)=αr
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 ασ( j)
[xσ(1), xσ(2), · · · , xσ(p),Nασ(p+1)yσ(p+1), · · · ,Nαr+1xσ(p+s), · · · ,Nασ(n) xσ(n)]
+
∑
σ,σ(s)=αr
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1, j,s ασ( j)+αr+1
[xσ(1), · · · , xσ(s), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
−
∑
σ,σ(p+s)=αr
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 ασ( j)
[xσ(1), xσ(2), · · · , xσ(p),Nασ(p+1)yσ(p+1), · · · ,Nαr+1xσ(p+s), · · · ,Nασ(n) xσ(n)]
−
∑
σ,σ(s)=αr
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1, j,s ασ( j)+1
[xσ(1), · · · ,Nαr xσ(s), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
)
=
n∑
p=1
( ∑
σ,σ(s)=αr
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1, j,s ασ( j)+αr+1
[xσ(1), · · · , xσ(s), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
+
∑
σ,σ(s)=αr
(−1) (p−1)(p−2)2 +
∑p
j=1, j,s σ( j)N
∑p
j=1, j,s ασ( j)+1
[xσ(1), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · ,
p+αr−s
Nαr xσ(s), · · · ,Nασ(n) xσ(n)]
)
= N
( n∑
p=1
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 βσ( j)
[xσ(1), xσ(2), · · · , xσ(p),Nβσ(p+1) xσ(p+1), · · · ,Nβσ(n) xσ(n)]
+[Nx1,Nx2, · · · ,Nβr xr,Nβr+1yr+1, · · · ,Nβn−1yn−1,Nβnyn]
)
,
where βi = 1, 1 ≤ i ≤ r − 1 and βi = αi, r ≤ i ≤ n. Therefore, Eq. (24) holds for α1 = 1, α2 =
1, · · · , αr−1 = 1 and arbitrary positive integer αr, αr+1, · · · , αn−1, αn. In particular, Eq. (24) holds
for arbitrary positive α1, α2, · · · , αn−1, αn.
Suppose that N is invertible. Applying Nαn to Eq. (24), substituting x′n = Nαn xn, we get
n∑
p=0
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 ασ( j)−αn
[xσ(1), xσ(2), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
=
n∑
p=0
(∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 ασ( j)−αn
[xσ(1), xσ(2), · · · , xσ(p),Nασ(p+1) xσ(p+1), · · · , x′n]
18 JIEFENG LIU, YUNHE SHENG, YANQIU ZHOU, AND CHENGMING BAI
+
∑
σ
(−1) p(p−1)2 +
∑p−1
j=1 σ( j)+nN
∑p−1
j=1 ασ( j)
[xσ(1), xσ(2), · · · ,N−αn x′n,Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
)
= −
n∑
p=0
(∑
σ
(−1) p(p+1)2 +
∑p
j=1 σ( j)+nN
∑p
j=1 ασ( j)−αn
[xσ(1), xσ(2), · · · , xσ(p), x′n,Nασ(p+1) xσ(p+1), · · · ,Nασ(n) xσ(n)]
+
∑
σ
(−1) (p−2)(p−1)2 +
∑p−1
j=1 σ( j)N
∑p−1
j=1 ασ( j)
[xσ(1), xσ(2), · · · , xσ(p−1)Nασ(p+1) xσ(p+1), · · · ,N−αn x′n]
)
=
n∑
p=0
∑
σ
(−1) p(p−1)2 +
∑p
j=1 σ( j)N
∑p
j=1 βσ( j)
[xσ(1), xσ(2), · · · , xσ(p),Nβσ(p+1) xσ(p+1), · · · ,Nβσ(n) xσ(n)] = 0,
where βi = αi, 1 ≤ i ≤ n−1 and βn = −αn. Then the formula (24) holds for αi > 0, 1 ≤ i ≤ n−1
and αn < 0. Similarly, the formula (24) holds for αi > 0, 1 ≤ i ≤ n, i , j and α j < 0. To prove
Eq. (24), for αi1 < 0, αi2 < 0, · · · , αir < 0 and others positive, apply N−
∑r
j=1 αi j to Eq. (24) putting
x′i j = N
αi j xi j , 1 ≤ j ≤ r. This ends the proof.
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